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1 Introduction

A series containing non-negative integral powers of a variable z,

co+clx+ch2—|—~~-—|—cn:z:"—|—~~:ch:c”

where ¢, are constants depending on n, is called a power series in x. This series is just a

particular case of the more general form,

co+ci(r—a)+ eyl —a)*+ - +cp(z—a)" chx—a

which is called a power series in x — a. These two series converge to ¢y when z = 0 and

x = a, respectively.

0 EXAMPLE
The power series
1+ z+a2°+- Z "
is a geometric series with r = z. Thus, the series converges for |r| = |z| < 1. That

is, for —1 < x < 1.

2 Interval of Convergence

The set of all real numbers = for which a power series converges is said to be its interval

of convergence. A power series in x — a may converge

e on a finite interval centered at a:

(a—r,a+r), la—ra+r), (a—r,a+r]or|a—ra+r]
e on the infinite interval (—oo, 00); or
e at the single point x = a.
In the respective cases, we say that the radius of convergence is

r, oo or 0.
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For example, for the case (a — r,a +r):
B EXAMPLE
o0 :L’n
Find the interval of convergence for _
& ; 27(n + 1)2
SOLUTION
Absolute convergence theorem:
. g1 ) :L,n+1 2n(n+ 1)2
lim li
n—ool a, n—00 2”+1(n + 2)2 xm
z(n + 1)2
= lim (n+1)
n—00 2(n + 2)2

X

2

The series is absolutely convergent for L = 1|z| < 1, or |z| < 2. That is, the series
converges for —2 < z < 2. When z = £2, the ratio test fails since 3|z| = 1. We

must perform separate checks of the series for convergence at these endpoints.

Atz =2:

2" 1 1
= — < — sincen+1>n,
Z Qn(n + 1)2 Z (n + 1)2 Z n2 mee n n
which is convergent by the comparison test with the convergent p-series.

At z = —2:

(=2)" 5 (=D"
2. 2r(n+1)2 2. (n+1)%
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which is convergent by the alternating series test, since

1 1 1
lim ——— =0 d < f; > 1.
o N (R A S DER
—_—
=Q0n+1 =an

Hence, the interval of convergence is a closed interval [—2,2]. The radius of conver-

gence, R = 2. The series diverges if |z| > 2 (for > 2 and z < —2).

B EXAMPLE
X ..n

Find the interval of convergence for Z —.

—~ n!

SOLUTION
Absolute convergence theorem:
xn+1 n!

= lim|— X —
nlg; (n,+*1)! xn

Qp+1
Qp

lim

n—o0

) " x-n!
= lim|———
n—oo| (n + 1)n! - "

T

= lim
n— 00 n,+—1

1
:|x|-lim( >
n—o00 71%—1

—— —
=0

=0.

Since L = 0 < 1, this series converges for all x values. Hence, the interval of

convergence is (—oo,00), and the radius of convergence, R = oc.

B EXAMPLE
Find the interval of convergence for i —(:E —5)"
—  n3" '
SOLUTION
Absolute convergence theorem:
Ant1| (x —5)"+t L 3n
ap n—oo|(n 4+ 1)3n+L © (2 — 5)n
B (x—5)n
n—o00 3<n4+]J

|z =5 . n
= - lim
3 n—00 71%—1
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|z =5 . 1
= - lim il
3 n—oo \ 1 4+ =

————
=1

|z =5
=

The series converges absolutely if %]x — 5| <1, that is, 2 < z < 8.
e (0=5)" (8" _ =)
x —5)" -3)" -1
P D D i D

which is a convergent series by the alternating series test, since

1 1
lim — =0 and < — forn>1,
n—oco N n+1 n

monotonically decreasing to zero.

Atz =8:

(x—5" 3 1
which is the divergent harmonic series.

Hence, the interval of convergence is [2,8), and the radis of convergence is 3. The

given series diverges for z < 2 and = > 8.

0 EXAMPLE

Find the interval of convergence for Z n!(z 4 10)".
n=0

SOLUTION

Absolute convergence theorem:

(n+ 1)! (x+ 10)"*
n! (z 4+ 10)"

Ap+1
Qnp,

lim

n—oo

= lim

n—o0

= lim |(n + 1)(z + 10)|

n—o0
= |z + 10| - lim (n+ 1)
n—oo
oo for x # —10
0 forzx= —10'

The series diverges for all real numbers x, except for x = —10. At x = —10, we

obtain a convergent series consisting of all zeros. The radius of convergence is zero.
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3 Differentiation and Integration of Power Series

For each z in its interval of convergence, a power series E cpx™ converges to a single
number. Thus, a power series defines or represents a function f with domain the interval

of convergence,

flz) = Z cpa”
n=0

=cotcaxtcar?+egrd +o o

3.1 Differentiation of a Power Series

If f(z)= Z cpx” converges on an interval (—r,7), then f(z) is continuous and differen-

tiable for |z| < r:

n=0
= d
= Z — (cn x")
—~ dx
= chn v L
n=1
Note that the latter series starts at n = 1 since d—co = 0. A power series can be
x
differentiated term-by-term:
d d d d d
() = —co+ —17 + —co® + —c32® + -+ + —c, 7" 4 -+
fz) dr ’ " dx dr ° de ° dx

=) + 2001 + 3c3x® + - Fnc, a4 - -

o0
= E ne,x L.
n=1

The radius of convergence of this series is the same as that of > ¢,2™. Similarly,

£(x) = - (a)

n(n —1)c, z"
=2

=20 +3-2c30 4 ---+n(n—1)c, " 2+

-2

3

= Z n(n —1)c, 2" (now n starts from 2).
n=2

It follows that a function represented by a power series for |z| < r possesses derivatives

of all orders in the interval.
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3.2 Integration of a Power Series

Just as a power series can be differentiated term-by-term within its interval of convergence,

it can also be integrated term-by-term:

/ F(a)da = / ni;ocnac"dx

:/(CO+61$+02$2—|—~~~—|—cngjn+...)dx

— G 28, L % onn >C
(cox+2x+gx+ +n+1x + +
=y et

n+1

I
o

n

where C'is an integration constant. If f(z) = cha:" converges to an interval (—r,7),
then

/f(x)dx = /i cpxtdz
= g/cnx”dx

= Z G "+ C.
o n—+1

The radius of convergence will be the same as that of Z cpx”.

B EXAMPLE
Find a power series representation for In(1+ ) for |z| < 1, and approximate In(1.2)

to four decimal places.

SOLUTION

The power series for 7 is given by
L:1—t+t2—t3+---+(—1)”t”+---
1+1¢

= (=1t for |t| < 1.
n=0

For [t| < 1:

xT

x 1 x €T xr
/—dt:/dt—/tdt+/t2dt—---+(—1)”/t”dt+---
1+t
0 0 0 0 0
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t=x 27 t=x 37 t=x n+1 Jt=z
t t t
VBl ey
t=0 2l 3 lio n+1],_
1’2 33'3 $n+1
T 1 o f 1.
T— ot ( )n—|—1+ or |z] <
Also,
[ 1 dt = 1 =
S
/1—|—t n(l+¢) t=0
0
=In(1+z) —In(1)
=In(1+ z)
Hence,
1'2 CC3 $n+1
In(1 =z — =+ = — -1
n(l+z)==x 2+3 + ( )n—i—l
9 _1)
= Z (=1) 2"t for 2| < 1.
n+1

Substituting z = 0.2 (valid since z = 0.2 satisfy |z| < 1) in the above series provides

In(1.2) = 0.2 — (0'22)2 N (05)3 _ (05)4 . (0.52)5 B (0.62)6 .

~ 0.1823.

This is an alternating series. If the sum of the series is denoted by L, we know from

the theory for alternating series that
‘Sn - L‘ S Apt1-

The above answer of 0.1823 is accurate to four decimal places, since for the fifth

partial sum,
S5 — L| < ag =1.067(107°) < 5(107°).

4 Taylor Series

For a power series representing a function f(z) on |z —a| <,
f(x)=co+ca(r—a)+c(r—a)?+ - Fculz—a) +---

[e.9]
= Z en(z —a)",
n=0
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there is a relationship between the coefficients ¢,, and the derivatives of f(x). That is,

f/(l‘) :01+202($—a)+303(m—a)2+4c4(x_a)3+...’
f”(l’):202+3'263(J]—a)—}—4-304(x_a)2+...7
f'(x)=3-2-les+4-3-2c4(z —a)+ -,

and so on. Evaluating the above series at ©x = a gives

fla) = co,

f(a)=1"-¢,
f"(a)=2-1-cy =2y,
f"(a)=3-2-1-c3 =3¢,

respectively. In general, f(™(a) = n!c,, or

and

O()fn
chaj—a :Z x—a” for |z —a| <.
n=0

When n = 0, f©(a) = f(a) and 0! = 1. This series is called the Taylor series for f(x)
at * = a (named in honor of the English mathematician Brook Taylor (1685-1731), who
published this result in 1715).

4.1 Maclaurin Series

A special case of a Taylor series when a = 0,

= f
"%

(n)

is called the Maclaurin series for f(x) (named after the Scottish mathematician, and

former student of Isaac Newton, Colin Maclaurin (1698-1746)).
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H EXAMPLE

Find the Taylor series expansion for Inx about x = 1.

SOLUTION

The derivatives of f(z) = In(x) are

f(z) =z,
) = L

.f (ZL') - T )
" —1

fi(z) = 2

" 2'

f(x) = = and so on,

(n—1)!

xn

f@) = (=)

Here a = 1, we have after inserting x = 1 into the above derivatives,

o n!
M) n
= nzzo (e =1)
/ 1 " 1 " 1
:f(l)—l—*(x—1)1—|—f2—<')(:c—1)2+f3—(‘>(a:—1)3+---
1 -1 2
:0+ﬁ(:v—1)+j(x—1)2+i(x—l)g%—---
1
= (x—l)—§(x—1)2—i— (x—1)*+
0 —_1)»1
n=1 n
Absolute convergence theorem:
—1)" 1 n+1
lim ntl| _ lim (=D)"( ) "
n—ool n—00 n-+1 (_1)n—1($ — 1)”
— lim —n(x —1)
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= |z —1|- lim
n—oo

1+
= |z —1].
The series converges when |z — 1| < 1, (i.e. for 0 < z < 2).

For the endpoints, at x = 0, we have

Z (_1Tzn_ (_1)n _ Z (_1) nn(_l)_
=1

which is a divergent harmonic series. At x = 2, we have

> -y B

n=1 n=1

which is a convergent series by the alternating series test, since

1 1
lim — =0 and < —foralln>1.
n—oo N n -+ n

Hence, the Taylor series for Inx converges for 0 < x < 2, and R = 1.

4.2 Taylor’s Theorem

This theorem also known as the Generalised Mean Value Theorem. Let f(z) be a function

such that f("*V(z) exists for |z — a| < r, then
f(z) = Pu(z) + Ry (2),

where

f™(a)

n!

P = f@) + T - )+ a4t

(z —a)"

is called the nth degree Taylor polynomial of f(z) at x = a (note that Taylor polynomials
do not exist for every function), and

(n+1)
(n+1)!
where a < ¢ < =z, is called the Lagrange form of the remainder, or error, involved in
approximating f(x) by P,(z) (theory due to the French mathematician, Joseph Louis

Lagrange (1736-1813)).
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The series expansion for f(x) will only be valid for those values of = for which R,, — 0 as

n — oo; that is, for x values which the power series converges. Hence,

and so
g, Fnle) = Bxg, 7(2) = Jig, Bal):

If R,(z) — 0 as n — oo, then the sequence of partial sums converges to lim f(x) = f(x).
n—oo

0 EXAMPLE

Represent f(x) = cosx by a Maclaurin series.

SOLUTION

For Maclaurin series, a = 0:

f"(z) =sinz, and so on.

Thus, for x =0,
f(0) =1,
f/(O) =0,
f//(o) — _17
f"(0) =0, and soon
Hence,
22 2t 2
f(aﬁ)_l—a—i-z—a—F
(2n)!

This series contains even powers of x, since cos x is an even function.

13
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Absolute convergence test:

Ap+1
Qp,

= lim
n—oo

lim
n—oo

(—1)nHL g2nt2 (2n)!

‘ @nt+2)l (—D)ra

(2n+2)(2n+1) ‘
1

(n+1)(2n+1)

g

=0

= lim
n—oo

x?
= — . lim
92 n—ooo

J/

=0.
Hence, the series converges absolutely for all real x values.

To show that cosx is represented by the series, we must show

lim R,(z)=0.

n—oo

The derivatives of f(x) satisfy

sinx for n even

|cos z| for n odd

In either case, | f (”H)(c)} < 1 for any real number ¢, and so

f(n—i—l)(C)‘
Rn — ‘ n+1
‘x’n—i-l
< .
~ (n+1)!
For any fixed, but arbitrary choice of z,
n+1
lim 2] =0
n—oo (n + 1)!
Thus, lim |Rn(:1:)| = 0, implies that lim R, (x) = 0. Therefore,
n—oo n—oo
R R (-1 .
cost=loort et et T

is a valid representation of cos .
NOTE
Some important Maclaurin series:

==1 A S ol
e’ = +x+§+§+~~ —ZOH or all z,
72 I4 [E6 0 (_1)71 on
cosx:1—§+g—5+“' :Z(2n>!x for all x,
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Sinx:x—z—i—i-ﬁ—j—i—:%—-“ 22%1’2”“ for all x,
coshle—l—z—j%—i—?—l—g—i—-“ :ni:;é:;! for all x,
sinhx:x+§—?+§—?+?—:+~~ 22(222:?;)' for all x,
ln(1+x):x—%2+%3—%4+--- zi(gl__il_);xnﬂ for z € (—1,1].
n=0

4.3 Approximation with Taylor Polynomials

When the value of z is close to the number a (x & a), the Taylor polynomial P,(z) of
a function f(z) at © = a can be used to approximate the functional value of f(z). The

error in this approximation is

B EXAMPLE

Approximate e %2 by P3(x), and determine the accuracy of the approximation.

SOLUTION
Because the value of x = —0.2 is close to x = 0, we use the Taylor polynomial P3(x)
of f(x) =e" at a = 0. Since f(x) = f'(z) = f"(x) = f"(x) = €*, we have
/! " "
LSO ), 1)

—1+x+x—2+x—3
- 2 6

Then,

Py(—02) =1+ (—0.2) +

~ 0.81867.

Consequently, e7%2 ~ 0.81867. Furthermore,

_ £ D (c)] e
4!

C

[Ra(@)]

=5 Il

4]

15
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and since —0.2 < ¢ < a, e¢ < 1. Thus,

(—0.2)

~ 1074
24

|R3(—0.2)| <

2

implies that e7%2 ~ 0.819 is accurate to three decimal places.

5 Binomial Series

From basic mathematics, we know that

(1+2)* =1+ 2z + 2?%;
(1+2)* =1+ 3z +32° + 2°.

In general, if « is a non-negative integer, we can apply the Binomial Theorem to expand

(14 2)* as

(1—1—:15)0‘:1+ax+%x2+O‘(O‘_lg)!(a—Q)xg+04(06—1)(044!— 2)(0(—3)964
+..-+a(a_1)"7;‘(05_714“1)1,11_}_....

The expansion of (1 + z)® into the above form is called binomial series. Applying the

absolute ratio test provides

. :a(a—l)(a—Q)---(a—n—i-l)xn
n n! bl

" :04(04—1)(04—2)~~(04—n—|—1)(04—71)aanrl
il (n+1)! ’

n1 . ala—1)(a—=2)---(a—n+1)(a—n)z". n
= 1m
= lim lo—njz
n—oo| m+ 1
. a—n
= |z|- lim
n—oo| M 4+ 1
—1
of - tim |22
= |z - -1

= |zl
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Thus, for |z| < 1, that is on the interval (—1, 1), the binomial series defines an infinitely

differentiable function f(z). Hence, we have the binomial series (Maclaurin series for
(14 2)*):

B EXAMPLE

Find a power series representation for v/1 + x.

SOLUTION

For |z| < 1, we have

Vi+taz=(1+z)* (herea=3)

o o561 5 5G-DGE-2) 5, 36-DE-2)(G-3)
_1—|—2:1:+ 9] r° + 3l x° 4 1 T
IR ) B
n!
:1+_J;_lx2+ix3_ix4+Lx5_...'

2 8 16 128 256

B EXAMPLE

In Einstein’s theory of relativity, the mass of a particle moving at a velocity v,

relative to an observer is given by

Mo
V1—v2/c?

where my is the rest mass and c is the speed of light. Many of the results from

classical physics do not hold for particles, such as electrons, which may move close

to the speed of light. Kinetic energy is no longer K = %movz, but

K= (m — mo)c2.

m

o
V1—v?/c?
no particle can surpass the speed of light, i.e. v < ¢. Hence, K can be written as

If we identify a = —1/2 and x = —v*/c® in m = , we have |z| < 1 since

P (L —m0>02
V1—=v2/c?
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= myc? ((1 + )7V - 1) with = —v?/c?

1 3 5
2 2 3
= 1— x4+ "2 = ) =
moc (( 2x+8x 6% + ) )
of v 3vt 5
=m |\ szt satem T )

In the case where v < ¢, terms beyond the first in the series are negligible. This

leads to the well-known result
2 v
K =~ C—
mocC 202
1

:Z—Tnov%

2

6 Manipulation of Power Series

6.1 Addition and Subtraction of Power series

Power series can be added or subtracted, term-by-term for those values of = for which

both series converge. Suppose
f(z) :chxn=Co+clx+02x2+-~-+cnx"+--- for |z| < ry,

n=0

and

9(95):Zdnﬂfn:do+d1x+d2x2+'-'—|—dnx”+~- for |z| < ry,
n=0

where 1 and ry are the corresponding radius convergence, then

flz) £g(x) = i cpa £ i d,z"
n=0 n=0

n=0

= (co+do) £ (c1 +dy)x % (cg +do)x* £+ £ (¢, +dp)x"™ + -+ for |z| < min(ry,ry).

Also, if k£ is a constant, then
kf(x) = Z kcpz™
n=0

= kco + keyw + kegx® 4 -+ ke + -+ for |z] < 7.
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B EXAMPLE
Find a power series representation for cosh . Hence, obtain estimate for cosh(1/2).

SOLUTION

Using the relation cosh § = %(66 + 6_9), and the series expansion for e*,

o0
xT ;En
=Y =
0 n.

2 3 4

x x x
:1+x+§+§+z+--- for all x,
we have
1
cosh9:—(69—679>
2
! 1+9+02+93+84+ + (1 9+02 93+04+
) 2l T3l " 4l 2t 34l
2 94 6)6
:1+§+E+E+'“ for all 6
o 0271

:gm

Alternative method:

coshf =

N = DN =
/(:0\

5

|

ml

5
—+ N——

Il
()¢
3
ol T
=T
<
3

i
o

M i)

0 foroddn

>
3

for even n, since 1 + (—1)" =

S

2 for even n

3
I
=)

1
NE

3
Il
=)

For 0 =1/2:

1/2)? 1/2)4 1/2)8

~ 1.1276.

=1+
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6.2 Composition of Power Series
Suppose

f(z) = Z cpa”
n=0

=cyg+cax+cpr? fesrd + o d e+ - for |z <7y

The power series for f (g(:v)) can be obtained from

n

co+ c1g(x) + ez (9(2))* + ez (9(x))’ + -+ ea(g(@)" + -+ for |g(x)] <1,

and follow by substituting the power series expansion for g(z) into this expression.

0 EXAMPLE

Using the standard series from the Concise Collection of Formulae, determine the

first few terms of the power series for e’ /2,

SOLUTION

Using the power series expansion for e’ :

ootn

t— J—

=
n=0

t2 3 t4
we have upon substituting ¢ = %xz,
1,.2)\2 1,.2)\3 1,.2\4
2?22 1.2 (32°) (32°) (37°) .
e P =1+ (32%) + TR TR TR

2 134 1’6 1’8

. 1,.2
_1+?+§+4—8+@+~- for [32”| <1 or 7| < V2.

6.3 Multiplication of Power Series

Suppose

co+c1x + cox® + ez’ + - e 4o+ for |z <y,
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and
g(z) = Z dpx"
n=0

=dy + dixv + dox® +dsaz® + -+ dpx" 4 - for |z| < 1y,

then
flz) x g(x) = (co+cla:+ch2+cg,x3—|—---)(d0—|—d1x+d2x2+d3x3—|—---)
= codp + (Cod1 + Cldo)fL“ + (CQdO +cidy + Cod2)$2
+ (Codg + c1ds + cody + ngo)l’g +--- for |$| < min(rl, 7’2).
B EXAMPLE

Using the standard series from the Concise Collection of Formulae, determine the
first few terms of the power series for e cosz.

SOLUTION
Using the power series expansions for e” and cos x, we have

R 2zt S
ecosx:(1+x+5+§+z+---)<1_§+Z_a+..)

=l+z()+2*(-3+H+2*(-Lt+ D)+ (L -1+ 4+

3 $4

:1+Jz—%—€+--- for all x.

The series expansion for e” cos z is valid for all z, since both the series expansions

for e* and cosz are valid for all z.

6.4 Division of Power Series

Suppose
f(z) = Z Cpx”
n=0
=cyt+ax+cr? fesrd + o dea™ - for |z| < 7y,
and

glx) =) dya"
n=0

=dy + div + dox® + dgaz® + -+ dpa" -+ for |z] < 1y,
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then the quotient,
f®)  co+ax+ea® e+ a4+
g(x) do+dix+dox? +dgad+ -+ dyan 4 - -

=G0 + (17 + Go2” + gz’ + -+ gua” -

provided ¢q # 0 and dy # 0. The coefficients (qo, ¢1, g2, gs, - . .) may be obtained by the
procedure of long division, or by writing
co+ 1@+ cor® +esxd + o F e -
= (o + @z + @a* + @2’ + -+ g + - -)
x (do + dix + dopa® + dsa® + -+ + dpz" + - +),
and expanding the right-hand-side and equating coefficients of like terms. Note that the

resulting power series may not converge for |x| < min(rq,ry) as there is an added compli-

cation, and problems may occur whenever the denominator is zero.

B EXAMPLE

Using the standard series from the Concise Collection of Formulae, determine the
1
first few terms of the power series for tanh . Hence, evaluate / tanh x dx.
0

SOLUTION
Using the power series expansions for sinh x and cosh x, we have
. 3 5 T
simhe =2+ —+ —+ = +--- forall z,

31 57!
2 xt S
cosha:zl—i—a—i—z—i—a—i—«n for all z,
sinh x
= tanhx =
cosh z
$3 1’5 27
_:L’—i-g—f‘ﬁ‘i‘ﬁ‘i‘"'
- 2 zd 26
l—l—g“f‘ﬂ'f‘ﬁ—f—"'
= o + @7+ @1+ @’ + g
This requires
x3 x? x’
TS 10 T T

2 4 6
= (go+ 1o+ qea? +qsz® + -+ gur" ) X (14— e e
. ! 2 24" 720
=qo+ @r + (300 + ¢2) 2" + (%%"‘%)5’734—(qu+%qQ+Q4):L‘4
+ (310 + 365 + 05) 2" + (73500 + 3702 + 504 + 6)2°

+ (50 + 303+ 305 + qr) T’ + -
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Equating the coefficients of x, we have

%ZO,
q1:17
1,
@2 =—59 =0,
=5~ 30 =73

qs = —i% - %Q2 =0,

1 _ 2

-1 1 1 2
95 = 130 — 2491 — 243 = 15>

@6 = —=3500 — 2392 — 304 = 0,

- 1 -1 -1 _ _ 17
497 = 5040 — 7201 — 2293 — 245 = T 315

Hence,
x3 225 1727
tanhz =2 — —

—_—— for all z.
3 15 315

Integrating tanh z,

' ' 3245 17T
/tanh:vdx:/ x—x—+i_ w + .. )dx
0 0 3 15 315

_{:ﬁ zt 1t 17:58}93:1

x j—
2 12 45 2520

=0

Exact Answer:

1 1 h
/ tanh z dz :/ S dx
0 o coshz

= [ln]cosh x|} -
=0
=In (cosh 1) —In (cosh O)
=In(cosh1) —In(1) since cosh0 =1

~ 0.4338.

The relative difference between the approximate and exact answers is 0.378.
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Power Series

Review Questions

Determine the Taylor polynomial of degree three for f(x) = y/z at z = 4.
Hence, estimate v4.2.

Suppose f(x) is a sufficiently well-behaved function, and
Py(z) = ap + a1(z — a) + az(z — a)* + as(z —a)®* + - - + ap(z — a)”

is a polynomial which satisfies

Pia)=f(a), Pia)=F(a). Pla)=f"(a), .... P{=f"(a).
Show that
"(a 3) (n)
w0=fla) a =), o="10 oW, T

Obtain the following Maclaurin Series:

I A

(a) arctanz =2 — — + — — — + -+ ;

3 5 7

2 1173 $4

X __ w .
(b) e —l—l—fl,’-l—a“f‘a‘f—z'f"”,

[

(c) 1og(1—|—x):x—?+§—z—l—---.

Determine the Taylor series for f(z) = cosx about the point z = 7/3.

Obtain a Taylor series for tan = in the following form,
tanx = aqg + al(x — 77/4) + aQ(x — 77/4)2 .

Determine the radius of convergence R for each of the following power series:
na”
(a) Z 2n+1 ;
(x _ 1)n+1
(b) Y s

n 37171
n

(c) Z(—l)”ﬁ ;
QP pE—_—
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o
[7] (a) Use the geometric series Z(—xQ)n to obtain the expansion

n=0
3 axd
arctans = — — + — —---+---  for [z| < L.
3 >
(b) Use (a) to show that
. arctanw
lim —— =1
n—o00 €T
(c¢) Show that
/’3 arctant 3 N o’ N
= r— — _— —
0 t 3 5 T

[8] Assuming that the power series for sinz and cosx hold for all complex numbers,

show that

sin(i) = isinhf and cos(if) = cosh @, where i =+/—1.

[9] Using the Binomial Theorem, determine power series expansions and radius of con-

vergence for each of the following functions:
(a) V1—w;
(b) (1+22)7%;
O —
Y1+ 323"
(d) (14 222)7"

[10] Show that
7 3 1

332 +52—2 3rx—1 242

Hence, obtain a power series expansion for using the binomial series.

322 4+ 5x — 2

[11] Use the power series expansion for log(1 + z) to find a power series expansion for

(1—|—x)
log .
1—=x

Hence, obtain an estimate for log 3.

[12] Using the standard series from the Concise Collection of Formulae, determine the

first few terms of the power series for

(a) exp(—32%);

(b) e*cosx;
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(c) log(1+€").
[13] Use the power series for log(1 + x) to show that

1124

2_ 2 3
(log(1+ )" =2 —2° + 5

+ .- if 2] < 1.

[14] Use the first four terms of appropriate power series to obtain estimates of

U dw
@ [
0 /1 — 14

[15] Using the binomial and exponential series, show that

. A
142t odt e i o] < 1/2

v1—2x 3

1/5

-

e

—dx.
0 \/1—21' ’

Hence, obtain an approximate value for

[16] Use the series,

x2  at af
cosle—a%—z—a—k- for all x,
and
-1 —1)(a—2
(1+x)°‘=1—|—am—|—&(a )x2+&(a )(a )x3+--- if |z < 1,

to find the first four terms of the power series for
vV1—x-cosz.

Hence, obtain an approximate value for

1/10

V1—x-coszdr.

0
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8 Answers to Review Questions

(1] Ps(z) =2+ ~(z —4) — 6—14(35 —4)* + 5—12(:1; — 4)%: V4.2 ~ 2.0494.

[2] Not available.

[3] Not available.

6] (a) R=
(b) R=3
() R=1
(d) R=1/2
() R=4
() R=1

[7] Not available.

[8] Not available.

9] (a) l-5-9 " g iRl
(b) 1— 6z +242* =802 +--- —---; R=1/2.
(c)l—$3+2az6—143x9+ — ;R:%.
1
(d) 1—4a®+ 122" —322° +.-. — ... ;R:E.
[10] — 3 (3”*%%)1;":—;—3‘%—%7352—.--;R:1/3.

n=0
3 JZB 1‘7 9

I+ x T
] log(—2 ) =2fe+ o+ T+ 42 )¢ .
[ ]Og(l—x> <x—|—3+5+7+9+ )or\:c|<,

log 3 =~ 1.0981 using the first four terms.

x? x? 28

[12] (a) 1—?—%@—23—3!4"“

3 ZE4

T
b) 1 R
(b) 1+=x 3 6+



28 Power Series

[13] Not available.

[14] (a) 1.0280
(b) 0.1026
(c) 0.50387 using the first three terms; truncation error less than 7.6 (10_7).
(d) 0.19956 using the first two terms; truncation error less than 5.3 (1077).
[15] 0.2032
2 3
16) VI —7-coszml— L2 30

2 8 16
1/10
V1 —2-coszdxr ~ 0.0973.

0



